This paper offers an alternative way, based on the logistic population growth hypothesis, to produce transitional dynamics in the standard AK framework with an exogenous savings rate. In the model the growth rate of the aggregate stock of capital is independent of the evolution of population and always constant, whereas the growth rate of population, though independent of the law of motion of capital, varies over time. Hence, non monotonicity in the per-capita capital level and growth rate can be observed.
Introduction
One of the most relevant conclusions of the neoclassical growth model (Solow, 1956, and Swan, 1956 , henceforth simply Solow-Swan) is that in the steady-state the growth rate of real per-capita output equals the rate of technological progress, which is taken as an exogenous variable. In the absence of exogenous technical change economic growth would be equal to zero. Although neoclassical growth theory is unable to reveal the ultimate sources of long run growth, it provides a useful setting for the study of transitional dynamics and suggests that along the transition, starting from an initially low level of per-capita variables, their growth rates decline monotonically. This is the traditional (absolute and conditional) convergence result of the Solow-Swan model. As it is well known (Barro and Sala-i-Martin, 2004, Ch. 1) this result crucially hinges upon the assumption that the aggregate production function displays positive but diminishing returns to private inputs (including physical capital). The so-called AK models (Romer, 1986; Rebelo, 1991, Jones and Manuelli, 1990) were developed between the end of the 1980s and the beginning of the 1990s in part as a response to the outcome of the neoclassical theory that, without any technological progress, economic growth would ultimately go to zero. In particular, these models challenge the neoclassical assumption that returns to capital diminish as the capital stock increases and in their simplest version (Rebelo, 1991) postulate a world where the marginal and average products of capital are always constant. Under the latter hypothesis the result is reached that in the very long run per-capita GDP growth is both endogenous (in the sense that it stems from the structure of the model) and, under specific conditions on the parameter values, also persistently positive even without technical change. However, unlike the neoclassical growth model, the standard AK formulation (Rebelo, 1991) also predicts that growth rates do not exhibit any tendency to (absolute or conditional) convergence. In other words, the model has no transitional dynamics (per-capita variables always grow at the same constant rate). This represents a substantial weakness of the model since conditional convergence seems to be an empirical regularity.
The main objective of our paper is to suggest another way (alternative to the ones already existing in the literature) to recovering transitional dynamics in standard AK-type models. The framework we present here is based on the notion of population change. More concretely, within the neoclassical growth model we assume a linear (AK) aggregate production function without diminishing returns to capital and a logistic-type population growth law. We continue to follow SolowSwan in assuming that the savings rate is exogenous. The reason is that here we want to stress the importance of the logistic population growth model as a mechanism able per-se to yielding transitional dynamics in the simplest version of the AK model. Therefore, concerning the nature of the savings rate, we make the easiest possible hypothesis, namely that of exogeneity. This setting definitely differs from Guerrini (2006) , who analyzes the Solow-Swan model with a standard neoclassical technology and a general, bounded population growth rate. We show that, contrary to the standard AK setting, non monotonicity may arise in our model. The result comes from the fact that while the growth rate of the aggregate stock of capital is independent of the evolution of population and always constant, the growth rate of population, though independent of the law of motion of capital, is instead nonconstant. Hence, non monotonicity in the per-capita capital level and growth rate can be observed. As already mentioned, several attempts at saving the AK model from the criticism that it cannot explain convergence have recently been made. Yi (1995, 1996) and Tamura (1991 Tamura ( , 1996 Tamura ( , 2006 are among the most comprehensive and rigorous examples.
Acemoglu and Ve n t u r a (2002) show how specialization and international trade may affect the process of world growth and convergence. The idea they propose is that in an open economy the parameter A will depend positively on the terms of trade. A country that accumulates more capital supplies more of the commodities in which it specializes to the rest of the world relative to the supply of foreign goods, and this drives its terms of trade down. The decline of the terms of trade, in turn, reduces A and discourages further capital accumulation, so lowering the country's growth rate until it converges to the growth rate of the rest of the world (terms-oftrade effect). Boucekkine et al. (2005) replace the standard hypothesis of exponential depreciation of physical capital that one may find in the basic AK model of Rebelo (1991) with the assumption that all machines have a fixed lifetime (a constant scrapping time). This assumption allows them "...to add to the AK model the minimum structure needed to make the vintage capital technology economically relevant" (p. 40). They show that the use of this alternative depreciation rule changes completely the dynamics of the standard AK model in the sense of making convergence to the balanced growth path no longer monotonic due to the existence of replacement echoes.
Through numerical simulations, Carroll et al. (1997) show that the introduction of habit formation 1 in the standard AK endogenous growth model may cause this model to exhibit transitional dynamics. Gomez (2008) proves that the convergence speed of the AK model with external habits is higher than that in the AK model with internal habits 2 . Yi (1995, 1996) show that the introduction 1 In habit-formation models individuals' utility depends on their current consumption and on how their current consumption compares to a reference consumption level (the habits stock). 2 In models with internal habits the habits stock is formed from own past consumption levels. In models with external habits, instead, the habits stock is formed from economy-wide average past consumption levels. of exogenous technological shocks may represent another useful approach in the direction of making the AK model consistent with the convergence result of the neoclassical growth theory. Tamura (1991 Tamura ( , 1996 Tamura ( and 2006 represent three further and notable examples of how it is possible to produce transitional dynamics within a modified AK-world. Tamura (1991) develops an endogenous growth model in which agents have identical preferences and access to the same production and investment technologies. However, they differ in the level of their initial human capital. In this setting the human capital investment technology displays an external spillover effect. In more detail, it is postulated that in the (human capital) investment sector there exist constant returns to scale in average human capital stock and an agent's own human capital together 3 . Thus, unlike Lucas (1988) , where the external effect of human capital does exist in the production of goods, in Tamura (1991) a human capital spillover is introduced in the production of new human capital. The main result of the paper is that "...With a spillover in the investment sector, the heterogeneous agents of the economy converge to a common homogeneous society" (Tamura, 1991, p. 528). The intuition is the following. In the model, income convergence arises from human capital convergence and, as already said, the average level of human capital in society is an input into the production of human capital for each individual. Agents with below-average human capital, ceteris paribus, have (compared with above-average human capital agents) a higher rate of return to human capital accumulation and, moreover, have more to gain by the presence of a human capital external effect. Thus, in the limit, the presence of a human capital spillover in the investment sector eliminates human capital (and income) heterogeneity across agents.
Tamura (1996) presents a dynamic general equilibrium framework where a conditional external effect of human capital in the human capital investment sector does exist and in which rational agents choose over consumption, fertility, and human capital investments in their children. The author shows that if there is a rising rate of return to human capital investment, and if the spillover effect in the investment sector is conditional upon reaching a minimum level of human capital, then: 1) Two development regimes are produced (namely, a Malthusian regime, with high fertility and little or no human capital investment in each child, and a perpetual-growth regime featuring low fertility and perpetually rising human capital per child); 2) Conditional income convergence occurs within each development regime. In this setting, the specification of the conditional external effect of human capital in the investment sector is crucial since, if it is related to the maximum human capital level in the world economy, all countries eventually switch into the growth regime and monotonic convergence arises. Finally, in Tamura (2006) there is a precautionary demand for fertility coming from young adult mortality risk (fertility depends positively on the probability of a young adult death). If human capital accumulation reduces young adult mortality risk 4 , then the model is able to produce endogenously a demographic transition to modern economic growth and convergence: at the beginning an economy exhibits high young adult mortality, high fertility, slow human capital investment in each child 5 and slow (if any) economic growth. Human capital accumulation eventually lowers young adult mortality, which in turn leads to lower fertility, faster human capital investment per child and more rapid economic growth. Although in the model there continues to be a spillover effect of human capital in the process of human capital accumulation across generations, only the initial conditions on human capital turn out to be important in order to fit the population history of the world from 25000 B.C. to 2000 A.D. 6 As it can be inferred from this brief literature review, we now have many alternative ways to produce transitional dynamics within (different versions of) the AK-world. However, none of the above-mentioned works deals with the idea that population can follow a logistic behavior which, thus, represents the major novelty of our article. The paper is organized as follows. In Section 2 we discuss and motivate more deeply our assumption of logistic, as opposed to the more conventional hypothesis of constant, population growth. In Section 3 we present a brief reminder of the basic Solow-Swan model with AK technology and exponential population change. In Section 4, using the same model, we replace the assumption of exponential with that of logistic population growth. In Section 5 we characterize the steady-state equilibria of the Solow-Swan model with linear technology and logistic population and analyze the transitional dynamics of this model. As usual, the last Section concludes.
Constant versus logistic population growth
The first mathematical model regarding the study of population dynamics was proposed and solved by Fibonacci in 1202 (Sigler, 2002) . However, its origin as a distinct field of research is usually traced to the classical era of political economy, and in particular, to Malthus (1798) . The Malthusian population growth model, sometimes called the exponential growth model, supposes that all the individuals are physiologically identical, living isolated in an invariable habitat and with limitless resources. Consequently, the state of the population can be described by means of a few statistical data based only on the total number of individuals. The only variable that this model takes into account is, hence, P t , the size of the population in each instant of time, which is assumed to be determined by the following linear ordinary differential equation . P t =λP t − µP t = nP t , where λand µ denote the constant fertility and mortality rates, respectively. n =λ− µ is named the Malthusian parameter of the population. The solution of this differential equation is the following function
where P 0 > 0 is the size of the population at the initial time. In the end, the Malthus's model for the growth of a population assumes an ideal environment in which resources and, hence, population growth are not artificially or naturally limited by any third party. The population evolves over time at a rate proportional to the number of existing individuals, and this gives rise to an exponential population growth curve.
Objectors to the Malthusian model say that nowhere in Nature it is possible to have unlimited exponential growth of any population over the long run. In particular, as it is generally acknowledged that nothing can grow at a constant rate indefinitely (Trefil, 2002) , the Malthusian model can be at best regarded as an approximate physical law. Moreover, the innate (over-)simplicity of this model makes it useful just for very short-term predictions, as opposed to predictions beyond 10 or 20 years (Cohen, 1995) . Finally, it is also evident that, although we assume that variations do not take place in the external habitat, population growth causes changes in life conditions due to tougher competition for the survival resources. Consequently, to be more realistic, we should admit that the fertility and mortality rates depend themselves on the total size of a population. All these arguments lead to replacing the linear population model of Malthus by a non-linear one. The first model of this type (now called the logistic population model), which replies to most of the objections raised against the Malthusian idea of population, was proposed by Ve r h u l s t (1838). According to Ve r h u l s t , because some resources are available only in limited quantities, the ecological habitat of human population can carry in the long-run just a bounded amount of it. Putting this principle into the form of an equation, it means that the population growth rate should be not constant, but instead a decreasing linear function of the size of the population, reaching zero as the population achieves a size that can be maintained forever. Further, any population reaching a size that is above this value will experience a negative growth rate. Mathematically
where r is the intrinsic growth rate of the population, and K > 0 is the carrying capacity of the habitat. Indeed, if P t > K, then P t is decreasing because its time derivative is negative, and if 0 < P t < K, then P t is increasing. Notice that this model could be interpreted as a Malthusian model with constant fertility rate, λ= r, and a mortality rate proportional to the relative size of the total population with respect to the carrying capacity, µ = rP t /K. As the previous differential equation is a separable one, it can be solved explicitly. With initial value P 0 > 0, the solution is
For r > 0, the resulting growth curve has a sigmoidal shape, which is asymptotic to the carrying capacity. When r < 0, the growth curve is asymptotic to zero leading to population extinction. In the trivial case of no intrinsic growth rate, r = 0, the population remains static at the initial value of P 0 . From the above, it can be seen that the logistic population growth model displays three key features, which are clearly not shared by the Malthusian population growth model: population will ultimately reach its carrying capacity, P t → K, when r > 0; the relative growth rate,
. P t /P t , declines linearly with population size; population at the inflection point (where its growth rate is maximum) is exactly half of the carrying capacity. After the publication of Ve r h u l s t 's theory, the logistic curve was forgotten for many years until its rediscovery in the 1920s by means of Pearl and Reed's groundbreaking work (Pear and Reed, 1920) that modeled with a high degree of precision the growth of the United States population since 1790. From the 1920s onwards, many applications for the theory were found in a wide variety of fields, and the use of the logistic model is nowadays widely established in many areas of economic modeling and forecasting (Banks, 1994; Gruebler and Nakicenovic, 1991 , Kapitza, 1992 . For a better understanding of the effects of the logistic population change hypothesis in the standard neoclassical growth model with exogenous savings and linear aggregate production function, in the next Section we review the most important conclusions of the textbook Solow-Swan model with AK technology and exponential population.
The Solow-Swan model with AK technology and constant labor growth rate: a brief reminder
There is a single good (Y t ) produced by means of only one factor of production, physical capital (K t ), according to an aggregate production function exhibiting constant returns to scale (CRS), i.e. Y t = F (K t ) = AK t , where A is an exogenous positive constant that reflects the level of the technology. Because of the presence of CRS to the only reproducible factor-input the economy is capable of endogenous growth. The supply of savings is assumed to be proportional to aggregate income, i.e. S t = sY t , where s denotes the exogenous saving rate. Since the economy is closed and there is no public sector, the change in the capital stock equals gross investment less depreciation, i.e.
. K t = sY t −δK t , where δis the constant obsolescence rate of physical capital and a dot over a variable represents differentiation with respect to time. If we define a new variable, the capital-labor ratio k t = K t /L t , then the growth rate in the capital stock per-worker 7 is given by
L t /L t . Therefore, by substituting the production function into the law of motion of capital, and by multiplying through by k t , we get
where n = .
L t /L t denotes the constant labor (or population) growth rate. This first order differential equation in k t is the fundamental equation of the Solow-Swan model with a production function which is linear in physical capital. Together with the initial condition k 0 > 0, Eq. (1) completely determines the entire time path of the per-capita capital stock. In addition, given this path, we can compute the paths for y t = Ak t , per-capita output, and c t = (1 − s)y t , per-capita consumption. From Eq. (1) it is also possible to conclude: Lemma 1. Fo r all t > 0, the time path of per-worker capital stock is
Proof. Immediate from Eq. (1) with N = n.
In Eq.
(1 ), L t and L 0 represent the size of the labor-force at time t and at time 0, respectively. We assume L 0 > 0. Putting together Eqs. (1) and (1 ) we get the following Proposition. Proposition 1. If N = n, then any level of initial capital will be a steady-state with zero growth in the per-worker capital stock. If N < n, there will always be negative growth and eventually the economy will converge in the long-run to a capital stock per-worker equal to zero. If N > n, the economy will always grow at a positive and constant rate, irrespective of the level of the capital-labor ratio that it starts from, and in the very long-run will approach an infinitely large level of capital per-worker.
In words, Proposition 1 says that depending on the value of N relative to n in the Solow-Swan growth model with AK technology and constant population change, economic growth can be either equal to zero (with the per-capita capital stock remaining constant over time at its initial level), or negative (with the per-capita capital stock monotonically converging over time toward zero), or else positive (with the per-capita capital stock monotonically converging over time toward infinity). Thus, the AK model with exogenous savings rate and constant population growth predicts that physical capital accumulation can generate sustained and positive growth even in the absence of any disembodied technological progress: an economy that starts from a stock of capital per-worker equal to k 0 will perpetually accumulate physical capital and its capital stock per-capita will rise at a constant rate toward infinity if N > n. This condition states that, for this event to occur, the savings rate (adjusted by the level of technology, sA), net of the depreciation rate of physical capital (δ), should be greater than the constant population growth rate (n).
The Solow-Swan model with AK technology and logistic labor growth rate
In this section we modify the basic Solow-Swan model with AK technology by considering a different population growth law. In the model of the previous section population was assumed to grow according to
where n is the given population growth rate. The main problem of this assumption is that population grows exponentially, i.e.
with L 0 > 0, and so, if n > 0, L t tends to infinity as time goes to infinity, which is clearly unrealistic. To remove the prediction of unbounded population size in the very long-run Ve r h u l s t (1838) considered the hypothesis that any stable population would show a saturation level. Therefore, he proposed to augment the exponential population growth model by the multiplicative factor −bL t , where b is a positive constant such that n − bL 0 > 0:
This equation is known as the Ve r h u l s t equation and the underlying population growth model is known as logistic model. Sometimes Eq. (2) is written as
Hence, the L t -dependent population growth rate (n − bL t ) in Eq. (2) allows to have a finite limiting population, n/b. From Eq.
With the inclusion of a logistic-type population growth law the economy of the modified AK model is, thus, described by
Given k 0 > 0 and L 0 > 0, Eq. (4) becomes a Cauchy problem, which has a unique solution (k t , L t ) defined on [0, ∞).
Steady-state analysis and transitional dynamics
In this section we start by defining and characterizing the steady-state equilibria of the model. A steady-state in this economy is defined as a situation in which the growth rate of the per-capita physical capital stock and the growth rate of labor are both equal to zero. We denote the steady-state equilibrium values of k t and L t by k * and L * , respectively. In studying the steady-states of our model, we confine our analysis only to interior solutions, i.e. we exclude economically meaningless solutions such as k * = 0 or L * = 0.
Lemma 2. The economy has infinite steady-state equilibria if N = 0, and no steady-state if N = 0.
Proof. To solve for the steady-state equilibrium we impose the growth rates in system (4) to be zero. This leads to: Nk t = 0 and n − bL t = 0. From these, we can conclude that, if N = 0, the economy has no (non-trivial) steady-state, whereas, if N = 0, for any value k * > 0, the point (k * , L * ), where L * = n/b, is a (non-trivial) steady-state equilibrium.
The next Lemma characterizes the evolution of the capital-labor ratio over time.
Lemma 3. Fo r all t > 0, the time path of per-worker capital is given by
Proof. The first equation of the dynamical system (4) is an homogenous firstorder differential equation, whose solution, from elementary differential calculus, is known to be given by
Thus, even with logistic population growth, the time path of per-worker capital (k t ) coincides with the one we would get with exponential population growth. In particular, for given k 0 > 0 and L 0 > 0, k t depends negatively on current population size L t (dilution effect). The next Proposition analyzes the relationship between economic growth and the net adjusted savings rate (N) in the Solow-Swan model with AK technology and logistic population growth.
L t /L t denote the per-worker capital stock growth rate and the labor growth rate, respectively. 1) Let N = 0. Then γ kt = −γ Lt < 0 for each t ∈ [0, ∞). The growth rate of the per-capita capital stock (γ kt ) tends to zero when t goes to infinity.
2) Let N < 0. Then γ kt < 0 for each t ∈ [0, ∞). The growth rate of the per-capita capital stock (γ kt ) is negative even when t goes to infinity.
3) Let N > 0. If N≥n − bL 0 , then γ kt ≥0 for each t≥0. If N < n − bL 0 , then there exists a unique T > 0 such that γ kt < 0 for each t ∈ [0, T ) and γ kt ≥0 for each t ∈ [T,∞). The growth rate of the per-capita capital stock (γ kt ) is positive when t goes to infinity. The value of T is given by
Proof. The statement follows immediately once we rewrite . k t = (N −γ Lt )k t as γ kt = N −γ Lt , and recall that 0≤γ Lt ≤n − bL 0 . Let N < n − bL 0 . What we know is that both γ Lt and N are less than n − bL 0 , and this is clearly not enough to make any conclusion about the sign of γ kt . Consequently, the behavior of γ kt seems to be undetermined in this case. However, replacing Eq. (3) into Eq. (2) yields
Since .
γ Lt < 0, we derive that γ Lt is a monotone decreasing function from γ L 0 = n − bL 0 to γ L∞ = 0. This fact allows us to conclude that there is a unique value of t, say T , where the curves γ Lt and N meet each other. Moreover, γ Lt > N if t ∈ [0, T ), and γ Lt ≤N if t ∈ [T,∞). Finally, setting γ Lt equal to N, and solving the corresponding equation we get the value T .
Corollary 1.
1) Let N = 0. Starting from k 0 , the capital stock k t decreases monotonically to
2) Let N < 0. Then k t decreases monotonically from k 0 to 0.
3) Let N > 0. If N≥n − bL 0 , then k t increases monotonically from k 0 to ∞. If N < n − bL 0 , then there exists a unique T > 0 such that k t decreases monotonically to k T in [0, T ), and it increases monotonically to ∞ in [T,∞).
Therefore, k t converges to the positive number k 0 L 0 b/n as t grows to infinity. In addition, from Proposition 2 we know that γ kt < 0, which implies . k t < 0, i.e. k t decreases monotonically. Let N < 0. Again from Proposition 2 and Eq. (5), rewritten as k t = k 0 L 0 /(e −Nt L t ), we can conclude that k t decreases monotonically to 0. Let N > 0. If N≥n − bL 0 , then Proposition 2 yields that k t is a monotone increasing function. Moreover, by taking t to infinity in Eq. (5) we get k ∞ = ∞. Similarly, the statement when N < n − bL 0 .
In words, Proposition 2 and Corollary 1 suggest that in the Solow-Swan model with AK technology and logistic-type population growth the dynamics of γ kt and k t is crucially related to the value of N≡sA −δ(the adjusted savings rate, net of physical capital depreciation). When N = 0, then the growth rate of the economy is always (namely, for each finite t) negative and the per-capita capital stock converges monotonically from k 0 to a positive constant, lower than k 0 . When N < 0, instead, the growth rate of the economy is still always negative, but now the percapita capital stock converges monotonically from k 0 to zero. This case parallels the case where N < n in the Solow-Swan model with AK technology but constant exponential population growth. Finally, when N > 0 the dynamics of γ kt and k t can be monotonic or not over time depending on whether N≥n − bL 0 or 0 < N < n − bL 0 . When N≥n − bL 0 > 0, the dynamics of γ kt and k t is still monotonic over time with the growth rate of the economy being always positive (or, at most, equal to zero, γ kt ≥0) and the per-capita capital stock increasing monotonically from k 0 toward infinity. The most interesting case, however, is when 0 < N < n − bL 0 . In this interval of parameter values the evolution over time of γ kt and k t becomes non-monotonic. In more detail, when t ∈ [0, T ), the growth rate of the economy is negative and k t decreases monotonically toward a finite k T . When t ∈ [T,∞), the growth rate of the economy becomes positive (or, at most, equal to zero) and k t increases monotonically from k 0 to infinity. Therefore, in the Solow-Swan model with AK technology and non-constant population growth, economic growth can be positive or equal to zero either when n − bL 0 ≤N (in this case γ kt ≥0 for each t≥0), or when N ∈ (0, n − bL 0 ). In the latter case γ kt ≥0 only for a sufficiently large t, namely t ∈ [T,∞). This is an important difference with the Solow-Swan growth model with AK technology and constant exponential population growth where a non-negative growth rate of variables in per-capita terms can be achieved (and for each time t) only by postulating a net adjusted saving rate (sA −δ) not lower than the exogenous and constant population growth rate (N≥n). Another relevant difference with the Solow-Swan growth model with AK technology and constant exponential population growth is that, even in the presence of a negative growth rate, the per-capita stock of capital can converge to a strictly positive constant when t goes to infinity (this happens whenever N = 0). The next Corollary summarizes the long-run solution of the model in the variables, (k t , L t ) depending on the value N. 
Conclusion
Due to its relative simplicity, the AK model (Rebelo, 1991) has gained an important place within the new growth theory. By assuming that the marginal and average products of capital are always constant, this theory is able to predict endogenous and persistently positive growth rates even in the absence of any technological progress. The main drawback of the AK approach to economic growth, however, resides in the fact that it cannot explain convergence: per-capita variables always grow at the same constant rate (the model does not exhibit any transitional dynamics). In this paper we have proposed a different way (alternative to other possible solutions proposed till now by economic literature) to get back transitional dynamics in the AK model with exogenous savings rate. Our idea consists in introducing a logistictype population growth law in an otherwise standard Solow-Swan model with linear aggregate technology. As it is well known, the main problem behind the assumption of constant population growth is that as time goes to infinity population size goes to infinity as well, which is clearly unrealistic. Using the logistic, as opposed to the exponential, population growth hypothesis (Verhulst, 1838) has the advantage that population size tends to a finite saturation level in the very long-run. We have shown that under this hypothesis the standard AK model is able to generate transitional dynamics. More generally, we can conclude that the dynamics of the Solow-Swan model with AK production function and logistic population growth is richer than the one with exponential population growth.
For future research it would be interesting to analyze whether and, eventually, how the logistic population growth hypothesis might affect the dynamics of other and more sophisticated endogenous growth models (such as those with endogenous technological progress).
